A novel method of constructing the conservation laws of (1+2)-dimensional differential-difference systems is proposed. By introducing the generalized Riccati equation related to the pseudo-difference operator, we obtain the infinitely many conserved densities and the associated fluxes of the twodimensional Toda lattice hierarchy. Moreover, this method presents more forms of the conservation laws than the previous approach [K. Kajiwara and J. Satsuma: J. Math. Phys. 32 (1991) 506].
Introduction
As is well known, conservation laws (CLs) are important to integrable systems. There have been some successful methods developed for finding the infinitely many CLs. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] Recently, another method 11) was proposed for constructing CLs for (1+1)-dimensional Lax integrable differentialdifference systems. The basis of this approach is a simple equality: ln ðn þ 1Þ ðnÞ ¼ ðE À 1Þ ln ðnÞ; ð1:1Þ
by which the CL can easily be obtained from the concerned Lax pair. Here, E is a shift operator. Furthermore, with the help of the Riccati equation related to the eigenvalue problem, an infinite number of CLs are consequently derived.
The theory developed by Sato and coworkers [12] [13] [14] is a powerful tool for studying high-dimensional systems and their related properties such as Lax pairs, symmetries, CLs and constraints. [15] [16] [17] [18] [19] [20] In ref. 19 , the two-dimensional Toda lattice (2DTL) hierarchy has been discussed, starting from two pseudo-difference operators: where t m and t s denote two different directions in fx i ; y i g. However, Kajiwara-Satsuma's approach 19) only allows us to obtain the infinitely many conserved densities but no explicit associated fluxes.
In this letter, we reconsider the CLs of the 2DTL hierarchy in a new way which is different from KajiwaraSatsuma's approach. 19) The key element of this procedure is to introduce two solvable generalized Riccati equations which are related to pseudo-difference operators (1:2) and (1:3), respectively. We first construct the semidiscrete CLs according to formula (1:1). Then, with the help of the two Riccati equations, we further derive the infinitely many conserved densities and associated fluxes. We also consider the CLs between two continuous directions in this way. This method can be seen as a generalization of the method in ref. 11 . To our knowledge, this is the first time that the infinite CLs of the 2TDL hierarchy have been considered through the generalized Riccati equation. This method is new and sufficiently flexible for application to the highdimensional differential-difference systems related to pseudo-difference operators. It not only allows us to obtain the explicit forms of the associated fluxes, but also presents more forms of the CLs which were not derived from the previous approach. 19) The letter is organized as follows. In §2, we give a brief sketch of the 2DTL hierarchy. In §3, the CLs are considered.
The 2DTL hierarchy
Let us first recall briefly the 2DTL hierarchy according to refs. 19 and 20.
Consider pseudo-difference operators (1:2) and (1:3). Let B m ðnÞ ¼ ðL m Þ þ and C m ðnÞ ¼ ðM m Þ À , where ð Þ þ means that part of the shift operator containing only non-negative powers and ð Þ À means that part containing only negative powers, then we have
ð2:1aÞ
and The related Lax equations, give an infinite number of nonlinear differential-difference equations for u i and v i , which are called the 2DTL hierarchy. 19) The lowest equations in this hierarchy are 
In the following, we construct the CLs of the 2DTL hierarchy in a new way, which differs from KajiwaraSatsuma's approach. 19) First, we differentiate eq. Then, by employing expansions (3:3), (3:6) and some simple formulas such as
it is easy to rewrite the above CLs in the following explicit forms: ð3:30Þ 5) , we obtain the infinitely many CLs of 2DTL equation (2:10). In addition, it is not difficult to give the CLs of the reduction equations of the 2DTL hierarchy. 19, 20) We also find that there are two different forms of the CLs between the same pair of distinct directions, for example, (3:8) and (3:10), (3:33) and (3:36). Therefore, one of the remaining problems is to determine whether or not these CLs are the same.
Conclusions
We have described a simple way of finding the CLs for the 2DTL hierarchy and obtained the CLs between two arbitrary directions. Some CLs are the same as those derived through Kajiwara-Satsuma's approach. 19) However, some CLs and some quantities (fK ðmÞ j ðnÞg, fP ðmÞ j ðnÞg) are new because B m ðnÞ is difficult to express using the powers of the pseudo-difference operator M, and C m ðnÞ is difficult to express using the powers of L in the previous approach. 19) With the help of the generalized Riccati equations, we can not only obtain the infinitely many conserved densities but also obtain the infinitely many associated fluxes, which has not been done previously. This method is novel and sufficiently flexible for application to the high-dimensional differential-difference systems.
